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Abstract 

In this paper, we prove that there exist at least [-^^^j + 1 geometrically distinct brake orbits 
on every compact convex symmetric hypersurface S in R^" for n > 2 satisfying the reversible 
condition NYi ~ S with N = diag(— /„, /„). As a consequence, we show that there exist at least 
-f 1 geometrically distinct brake orbits in every bounded convex symmetric domain in R" 
with n > 2 which gives a positive answer to the Seifert conjecture of 1948 in the symmetric case 
for n = 3. As an application, for n = 4 and 5, we prove that if there are exactly n geometrically 
distinct closed characteristics on E, then all of them are symmetric brake orbits after suitable 
time translation. 
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1 Introduction 

Let V G C^(R'",R) and h > such that Q = {q £ TV^lViq) < h} is nonempty, bounded, open 
and connected. Consider the following fixed energy problem of the second order autonomous 
Hamiltonian system 

q{t)+V'{Q{t))=0, forq{t)en, (1.1) 
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^\q{tt + y{q{t))=h, VtER, (1.2) 
m=Qi^)=0, (1.3) 
Q{l+t) = q{^-t), q{t + T)=q{t), Vt G R. (1.4) 

A solution (t, g) of (|l.ip - (|1.4p is called a brake orbit in $7. We call two brake orbits qi and 
g2 : R — R" geometrically distinct if gi(R) 7^ (72 (R)- 

We denote by 0(0) and 0{Q) the sets of all brake orbits and geometrically distinct brake orbits 
in O respectively. 

( -Ik\ ( -h \ . 

Let Jk = \ I and N/^ = I with being the identity in R . If /c = n we 

V 4 y \ h J 

will omit the subscript k for convenience, i.e., Jn = J and A'^^ = A^. 
The symplectic group Sp(2A;) for any A; € N is defined by 

Sp(2n) = {M G £(R2'=)|M^JfcA/ = J^}, 

where M"^ is the transpose of matrix M. 

For any r > 0, the symplectic path in Sp(2A;) starting from the identity is defined by 

Vr{2k) = {7 G C7([0,r],Sp(2A:))|7(0) = hk}- 

Suppose that H e C2(R2" \ {0}, R) n C^R^", R-) satisfying 

H{Nx) = H{x), Vx G R2". (1.5) 
We consider the following fixed energy problem 

x{t) = JH'{x{t)), (1.6) 

H{x{t)) = h, (1.7) 

x{-t) = Nx{t), (1.8) 

x{T + t) = x{t), yt e R. (1.9) 

A solution (r, x) of (HTSD-dESI) is also called a 6raA;e or5ii on S := {y G R^" | i7(y) = h}. 
Remark 1.1. It is well known that via 

H{p,q) = ^\p\^ + V{q), (1.10) 

X = {p,q) and p = q, the elements in 0{{V < h}) and the solutions of (|1.6p - (|1.9p are one to one 
correspondent. 
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In more general setting, let S be a compact hypersurface in R^" bounding a compact set 
C with nonempty interior. Suppose S has non-vanishing Guassian curvature and satisfies the 
reversible condition N{T, — xq) = S — xq := {x — xo\x G S} for some xq G C. Without loss of 
generality, we may assume xq = 0. We denote the set of all such hypersurface in R^" by '}i}j{2n). 
For X G S, let Ny.{x) be the unit outward normal vector at x G S. Note that here by the reversible 
condition there holds Nj]{Nx) = NNj](x). We consider the dynamics problem of finding r > and 
an absolutely continuous curve x : [0, r] ^ R2" such that 

x{t) = JiVs(x(t)), x{t) G S, (1.11) 
x{-t) = Nx{t), x{T + t) = x{t), for ah i G R. (1.12) 

A solution (t, x) of the problem (|l.lip - (|1.12p is a special closed characteristic on S, here we 
still call it a brake orbit on S. 

We also call two brake orbits (ti,xi) and (t2,X2) geometrically distinct if xi(R) / X2(R), 
otherwise we say they are equivalent. Any two equivalent brake orbits are geometrically the same. 
We denote by i7fe(S) the set of all brake orbits on S, by [(r, x)] the equivalent class of (r, x) G i7fe(S) 
in this equivalent relation and by J^bi^) the set of [(r, x)] for all (r, x) G Jb{^)- From now on, in 
the notation [(r, x)] we always assume x has minimal period r. We also denote by i7(S) the set of 
all geometrically distinct closed characteristics on S. 

Let (r, x) be a solution of (ll.6p -( fL9]l . We consider the boundary value problem of the linearized 
Hamiltonian system 

y{t) = JH"{x{t))y{t), (1.13) 
y{t + T)=y{t), y{-t) = Ny{t), Vt G R. (1.14) 

Denote by 7a; (t) the fundamental solution of the system (|1.13|) . i.e., jx(t) is the solution of the 
following problem 

ix{t) = JH"ix{t)hx{t), (1.15) 
7x(0) = hn. (1.16) 

We call jx S C{[0,T/2],Sp{2n)) the associated symplectic path of (r, x). 

Let 5f(0) denote the open unit ball R" centered at the origin 0. In j2Uj of 1948, H. Seifert 
proved C'(il) 7^ provided V' ^ on dil., V is analytic and ft is homeomorphic to i?"(0). Then he 
proposed his famous conjecture: *0(r2) > n under the same conditions. 
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After 1948, many studies have been carried out for the brake orbit problem. S. Bolotin proved 
first in [l](also see [S]) of 1978 the existence of brake orbits in general setting. K. Hayashi in |10] . 
H. Gluck and W. Ziller in [8], and V. Benci in [2] in 1983-1984 proved *d{Vt) > 1 if y is C\ 
Cl = {V < h} is compact, and V'{q) ^ for all q G dil.. In 1987, P. Rabinowitz in proved that 
if H satisfies (jl.Sp . S = H~^{h) is star-shaped, and x ■ H'{x) ^ for all x G S, then > 1. 

In 1987, V. Benci and F. Giannoni gave a different proof of the existence of one brake orbit in [3]. 

In 1989, A. Szulkin in |21] proved that *Jb{H~'^{h)) > n, li H satisfies conditions in [19] of 
Rabinowitz and the energy hypersurface H^^[h) is \/2-pinched. E. van Groesen in [9] of 1985 and 
A. Ambrosetti, V. Benci, Y. Long in [J of 1993 also proved > n under different pinching 

conditions. 

Without pinching condition, in [T7j Y. Long, C. Zhu and the second author of this paper proved 
the following result: For n>2, suppose H satisfies 

(HI) (smoothness) H G C2(R2" \ {0}, R) n C^R^", R), 

(H2) (reversibility) H{Ny) = H{y) for all y G R^". 

(H3) (convexity) H"{y) is positive definite for all y G R^'^ \ {0}, 

(H4) (symmetry) H{—y) = H{y) for all y G R^". 
Then for any given h > mm{H{y)\ y G R^"} and S = H^^{h), there holds 

*Jb{^) > 2. 

As a consequence they also proved that: For n> 2, suppose V{0) = 0, V{q) > 0, V{—q) = V{q) 
and V"{q) is positive definite for all g G R" \ {0}. Then for 17 = {g G R"|y(g) < h} with h > 0, 
there holds 

*d{n) > 2. 

Under the same condition of [IT], in 2009 Liu and Zhang in [H] proved that *Jb{^)> [f]+l, 
also they proved '^0{Vl) > [^] -|- 1 under the same condition of [iTj. Moreover if all brake orbits 
on S are nondegenerate, Liu and Zhang in |14j proved that > n + 2t(S), where 22t(S) is 

the number of geometrically distinct asymmetric brake orbits on S. 
Definition 1.1. We denote 

T-L'^{2n) = {S G 1-L[,{2n)\ S is strictly convex }, 
^^''(2n) = {S G ni{2n)\ - S = S}. 
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Definition 1.2. For S G ^^''^(2?i), a brake orbit (r, x) on S is called symmetric if x(R) = — x(R). 
Similarly, for a convex symmetric bounded domain C R", a brake orbit (r, q) G C'(il) is called 
symmetric if q(R) = — g(R). 

Note that a brake orbit (r, x) G i7b(S) with minimal period r is symmetric if x(t + t/2) = —x{t) 
for t G R, a brake orbit (r, G ©(fi) with minimal period r is symmetric if q{t + t/2) = —q{t) for 
t G R. 

In this paper, we denote by N, Z, Q and R the sets of positive integers, integers, rational 
numbers and real numbers respectively. We denote by (•,•) the standard inner product in R" 
or R^", by (•,•) the inner product of corresponding Hilbert space. For any a G R, we denote 
E{a) = mf{k G Z\k > a} and [a] = sup{k G Z\k < a}. 

The following are the main results of this paper. 
Theorem 1.1. For any S G 'Hl'^{2n) with n > 2, we have 

'n + 1" 



# 



+ 1. 



Corollary 1.1. Suppose V{^) = 0, V{q) > 0, V{—q) = V{q) and V"{q) is positive definite for all 
q G R" \ {0} with n > 3. Then for any given h > and = {q £ R"|y(g) < h}, we have 

'n + 1" 



# 



+ 1. 



Remark 1.2. Note that for n = 3, Corollary 1.1 yields '^0{^l) > 3, which gives a positive answer 
to Seifert's conjecture in the convex symmetric case. 

As a consequence of Theorem 1.1, we can prove 
Theorem 1.2. For n = 4, 5 and any S G 'H^''^(2n), suppose 



# 



=n. 



Then all of them are symmetric brake orbits after suitable translation. 

Example 1.1. A typical example of S G ?^^''^(2n) is the ellipsoid £n{^) defined as follows. Let 
r = (ri, • • • , r„) with rj > for 1 < j < n. Define 
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X= (Xl,---, X„, 7/1, •••,?/„) G R2" 

If rj/rk ^ Q whenever j ^ k, from ^7] one can see that there are precisely n geometrically distinct 
symmetric brake orbits on £n{f) and all of them are nondegenerate. 
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2 Index theories of {iLpi^Lj) and {iuj,i^u 



Let £(R^") denotes the set of 2n x 2n real matrices and Cs(R'^"') denotes its subset of symmetric 
ones. For any F G £s(R^"), we denote by m*{F) the dimension of maximal positive definite 
subspace, negative definite subspace, and kernel of any F for * = +, — ,0 respectively. 

In this section, we make some preparation for the proof of Theorem 3.1 below. We first briefly 
review the index function (i^, i/^) and {ihj-, ^Lj) for j = 0, 1, more details can be found in [11] and 
[IB] . Following Theorem 2.3 of [53] we study the differences iLoil) — *Li(7) and iLoi'y) + t^Loil) — 
^Liil) — t^Liil) for 7 £ 'Pr(2n) by compute sgnMe(7(r)). We obtain some basic lemmas which will 
be used frequently in the proof of the main theorem of this paper. 

For any G U, the following codimension 1 hypersuface in Sp(2n) is defined by: 

Sp(2n)° = {M G Sp(2?i)|det(M - uhn) = 0}. 
For any two continuous path ^ and r]: [0,r] — t- Sp(2n) with ^(r) = ?7(0), their joint path is defined 

by 

^ C{2t) ifO < t < |, 



r]{2t - r) if 5 < t < r. 



Ai, Bi. 



for A; = 1, 2, as in 



Given any two (2?7ife x 2mk)- matrices of square block form M^. 

Cfc Dk 

|16| . the o-product of Mi and M2 is defined by the following (2(mi + 1712) x 2(mi + m2))-matrix 
Ml 0M2: 

/ Ai Bi ^ 
^2 S2 

Ci i:>i 



Ml 0M2 



\ C2 1)2 / 



A special path ^„ is defined by 

Ut) = 








yt G [0,r]. 



Definition 2.1. For any cj G U and M G Sp(2n), define 

ly^M) = dime ker(M - u^n) 

For any 7 G Vr{2n), define 

l^a;(7) = l^a;(7(T))- 
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If 7(r) i Sp(2n)0, we define 

i,(7) = [Sp(2?i)0 : (2.1) 



where the right-hand side of (j2.ip is the usual homotopy intersection number and the orientation 
of 7 * is its positive time direction under homotopy with fixed endpoints. If 7(r) E Sp(2n)2,, we 
let J-'(7) be the set of all open neighborhoods of 7 in Vr (2n) , and define 

i,(7)= sup inf{i^(/3)|/3(r) G C/and/3(r) ^ Sp(2n)0}. 

Then (^1^(7), ^'1^(7)) G Z x {0, 1, 2n}, is called the index function of 7 at w. 
For any M € Sp(2n) we define 

J^(M) = {P G Sp(2n) I fT(P) n U = ct(M) n U 

and vx{P) = v\{M), VA G a{M) n U}, 

where we denote by the spectrum of P . 

We denote by f]^(M) the path connected component of J7(M) containing M, and call it the 
homotopy component of M in Sp(2n). 

Definition 2.2. For any Mi,M2 G Sp(2?i), we call Mi » Af2 if Mi G 0°(M2). 
Remark 2.1. It is easy to check that ~ is an equivalent relation. If Mi w M2, we have Mf ~ Mg 
for any A; G N and Mi o M3 M2 o M4 for M3 w M4. Also we have PMP'^ ^ M for any 
P,M G Sp(2n). 

The following symplectic matrices were introduced as basic normal forms in [TB] : 

■ ^ , 

D{\)= I ^ I , A = ±2, 



A 

A^i(A,6) = I ^ ^ I , A = ±l, 6 = ±1, 0, 

A 



. cos (7 — sm ( 

R{9)=\ |, 0G (0,7r)U(7r,27r), 

sin 9 cos 9 

N2{uj,b)=\ , 0G (0,7r)U(7r,27r), 



R{9) 



bi 62 

where b = I I with 6j G R and 62 7^ &3- 



63 &. 



'4 
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For any M S Sp(2n) and a; G U, splitting number of M at uj is defined by 

Sui"^) = i^exp{±v^e)(7) - ^0.(7) 

for any path 7 G Vr{'2n) satisfying 7(t) = M. 

Splitting numbers possesses the following properties. 
Lemma 2.1. (cf. [15], Lemma 9.1.5 and List 9.1.12 of [16]) Splitting number S^j{u}) are well 
defined, i.e., they are independent of the choice of the path 7 G Vri^n) satisfying 7(t) = M. For 
cj G U and M G Sp(2?i), Sq{uj) = S^j{uj) if Q ~ M. Moreover we have 

(1) {Slj{±l),Sl^{±l)) = {1,1) for M = ±Ni{l,b) withb=l or 0; 

(2) (S+ (±1), S^,(±l)) = (0,0) for M = ±iVi(l,6) with b = -1; 

(3) {Slj{e^^),SM{e^^)) = (0, 1) for M = R{e) with 6 G (0,7r) U {tt,2tt); 

(4) {S^j{uj),S^j{uj)) = (0,0) forujeVXn and M = N2{uj,b) is trivial i.e., for 
sufficiently small a > 0, MR[{t — l)a)*" possesses no eigenvalues on U for t G [0, 1). 

(5) {Sjjiuj), S'j^jioj) = (1, 1) /or a; G U \ R and M = N2{uj, b) is non-trivial. 

(6) (Sjjiuj), S];j{uj) = (0,0) for anyueXJ and M G Sp(2n) with a{M) n U = 0. 

(V 'S'mioM2(^) = ^ihi^) + ^Mii^)' /o'^ '^^y ^'h ^ Sp(2nj) with j = 1, 2 and w G U. 
Let 



possess the standard inner product. We define the symplectic structure of F by 
{v, w} = {Jv, w), Vf , vu £ F, where J' = (—J) ® J = 



-J 
J 



We denote by Lag(F) the set of Lagrangian subspaces of F, and equip it with the topology as a 
subspace of the Grassmannian of all 2n-dimensional subspaces of F. 
It is easy to check that, for any M G Sp(2n) its graph 




Gr(A/) = { I |x G R' 



i2n 



is a Lagrangian subspace of F. 
Let 



Vi = {0} X R" X {0} X R" c R^", V2 = rC X {0} x R" x {0} C R^" 
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By Proposition 6.1 of [18] and Lemma 2.8 and Definition 2.5 of [T7], we give the following 
definition. 

Definition 2.3. For any continuous path 7 G VrC^n), we define the following Maslov-type indices: 



Uo(7)=M^''''(Vi,Gr(7),[0,r])-n, 

T^Ljil) = dim(7(r)Lj n Lj), j = 0, 1, 

where we denote by ip^^^ (V, W, [a, b]) the Maslov index for Lagrangian subspace path pair (V, W) 
in F on [a, b] defined by Cappell, Lee, and Miller in [6]. For any M G Sp(2?i) and j = 0,1, we also 
denote by VL.iM) = dim(MLj r\Lj). 

Definition 2.4. For two paths 70, 71 G Vri^n) and j = 0, 1, we say that they are Lj-homotopic 
and denoted by 70 71, if there is a continuous map 5 : [0, 1] — )■ V{2n) such that 5(0) = 70 and 
(5(1) = 71, and z^l^. (5(s)) is constant for s G [0, 1]. 
Lemma 2. 2. ([IT]) (1) If jo ~L, 7i, there hold 

(2) //7 = 7i 072 G V{2n), and correspondingly Lj = L'- © L"-, then 

(3) If J £ V(2n) is the fundamental solution of 

±{t) = JB{t)x{t) 
I bii{t) bi2{t) \ 

with symmetric matrix function B(t) = j satisfying 622 (t) > for any t ^ R, 

\ 621 (t) 622 (t) / 

then there holds 

^Loh) = t^Loils), Isit) = -fist). 

0<s<l 

(4) If bii(t) > for any i G R, there holds 

^1(7) = Y ^lAIs), ls{t) = l{st). 

0<s<l 
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Definition 2.5. For any 7 G "P,- and /c G N = {1,2,...}, in this paper tlie /c-time iteration 7'^ of 
7 G VrC^n) in brake orbit boundary sense is defined by 7'|[o,fcT] with 



lit) = { 



' ^{t-2jT){N-f{T)-^N-f{T)y, tE [2ir,(2j + l)T],i = 0,1,2,... 



N-i{2jT + 2t - t)N{N-i{Tr^N^{T)y+\ t G [{2j + 1)t, (2j + 2)T],i = 0, 1, 2, ... 



By [17] or Corollary 5.1 of [H] lim — — exists, as usual we define the mean i/.^ index of 7 by 

?^,(7)= lim 



For any P G Sp(2n) and e G R, we set 

„ / sin 2eln — cos 2e/„ \ / sin 2el„ cos 2e/„ 
Me{P) = P^ \P+\ 

\ — cos 2e/„ — sin 2eln I \ cos 2e/„ — sin 2e/„ 

Then we have the following 

Theorem 2.1. (Theorem 2.3 of [23]) For 7 G Vr{2k) with t > 0, we have 

iloil) - iliil) = ^sgnM£(7(T)), 

where sgnM£(7(T)) = m'^(M£(7(T))) — m~ {M^{'y{T))) is the signature of the symmetric matrix 
^eiliT)) and < e ^ 1. we also have, 

feo(7) + J^Loil)) - fei(7) + i^Li(7)) = ^signA4(7(r)), 

where < — e ^ 1. 

Remark 2.2. (Remark 2.1 of [23]) For any nj x rij symplectic matrix Pj with j = 1,2 and nj G N, 

we have 

Me{Pl O P2) = Me{Pl) O M,(P2), 
sgniV4(Pi o P2) = sgnM,(Pi) + sgnM^(P2), 

where e G R. 

In the following of this section we will give some lemmas which will be used frequently in the 
proof of our main theorem later. 



C L 



k 



iVi(l,l)*«oiVi(l,-l)*^ withp,q,r satisfying 

m^{C)=p, m-{C)=q, m+{C)=r. 
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Proof. It is clear that 



P 



h 
B h 



,10, 

where B = diag(0, — /^-(c)) -^m+(c))- Since JiA''i(l, ibl)( Ji) = L by Remark 2.1 we 

/ 1 \ 

have iVi(l,±l) « . Then 

P ^ /^"^^^ o^i(l, 1)^™"(^) o A^i(l, -lf^^^^\ 
By Lemma 2.1 we have 

5+(l) = mO(C) + m-(C7) =p + g. (2.2) 
By the definition of the relation ~, we have 

2p + q + r = ui{P) = 2m°(C) + m+(C) + m-{C). (2.3) 

Also we have 

p + g + r = m°(C) +m+(C) +m-(C) = /c. (2.4) 

By ([22])- (1231) we have 

mP{C) = p, m~{C) = q, m'^{C) = r. 

The proof of Lemma 2.3 is complete. | 
Definition 2.6. We call two symplectic matrices Mi and M2 in Sp(2A;) are special homotopic{oi 
(Lo, -Li)-homotopic) and denote by Mi ~ M2, if there are Pj E Sp(2fc) with Pj = diag(Qj, {Q^)~^), 
where Qj is a k x k invertible real matrix, and det{Qj) > for j = 1,2, such that 

Ml = P1M2P2. 

It is clear that ~ is an equivalent relation. 

Lemma 2.4. For Mi, M2 G Sp(2fc), i/Mi ~ M2, then 

sgnM,{Mi) = sgnM.(M2), < |e| < 1, (2.5) 
iVfcMf liVfcMi « NkM-^NkM2. (2.6) 
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Proof. By Definition 2.6, there are Pj € Sp(2/c) with Pj = diag((5j, (QJ) Qj being k x k 
invertible real matrix, and det{Qj) > such that 

Ml = P1M2P2. 

Since det{Qj) > for j = 1, 2, we can joint Qj to Ik by invertible matrix path. Hence we can joint 
P1M2P2 to M2 by symplectic path preserving the nullity ulq and uli- By Lemma 2.2 of p3], <\2.5\i 
holds. Since PjN^ = N^Pj for j = 1,2. Direct computation shows that 

Nk{PiM2P2)-^Nk{PiM2P2) = Pi^NkM^^NkM2P2. (2.7) 

Thus (j2.6p holds from Remark 2.1. The proof of Lemma 2.4 is complete. 

A B , 

G Sp(2A;), where A,B,C,D are all k x k matrices. Then 




(i) \sgaMe{P) <k- VLo{P), /or < e < 1. IfB = 0, we have isgnA'4(P) < /or < e < 1. 

(ii) Let rn^{A^C) = q, we have 



Moreover if B = 0, we have 



^sgnM^(P) <k-q, < |e| < 1. (2.8) 



^sgnM,(P) <-q, < -e < 1. (2.9) 



(Hi) ^sgnMe{P) > dimker C - k for < e <^ 1, // C = 0, then isgnA4(P) > /or < e < 1 
(iv) If both B and C are invertible, we have 

sgniV4(P) = sgnMo(P), < |e| < 1. 



Proof. Since P is symplectic, so is for P^. From P^JfcP = Jfe and PJfcP^ = Jfc we get 
C, B^ D , AB^ , C D"'^ are all symmetric matrices and 

AD^ - BC^ = 4, A^D - C'^B = 4. (2.10) 

We denote by s = sin2e and c = cos 2e. By definition of Mi;{P), we have 

M.(P) ^ I '^^^ -^^Of^ 

BT \ -elk -sik \ C D \ elk -sik 
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\ sik -2clk \ A B \ sh 2clk 

) [ -sh ) [c D )^[ -sh 

sA^A - 2cA^C - sC^C + sh * 

sB^A - 2cB^C - sD'^C sB'^B - 2cB'^D - sD^D - sh 

sA^A - 2cA^C - sC^C + sh sA^B - 2cC^B - sC^D 
sB^A - 2cB^C - sD'^C sB^B - 2cB^D - sD'^D - sh 



(2.11) 



where in the second equality we have used that J^P = J^, in the fourth equality we have used 
that M^{P) is a symmetric matrix. So 



Mo(P) = -2 



A^C C^B 
B^C B^D 




where we have used A'^C is symmetric. So if both B and C are invertible, Mq(P) is invertible and 
symmetric, its signature is invariant under small perturbation, so (iv) holds. 

If z^Lo(P) = dimkeri? > 0, since B^D = D^B, for any rr G ker B C R'=, x / 0, and < e < 1, 
we have 

MeiP) ^ ^ j ^ ^ j " (sB^B - 2cD'^B - sD'^D - sh)x ■ x 
= -s{D'^D + h)x ■ X 

< 0. (2.12) 

So IV'h{P) is negative definite on (0 © keri?) C R^'^. Hence m~ {lvh{jp) > dimkeri? which yields 
that ^sgnM£(P) < k — dimkeri? = k — vl^{P), for < e ^ 1. Thus (i) holds. Similarly we can 
prove (iii). 

If m'^{A^C) = q > 0, let A^C is positive definite on C R'^, then for < |s| ^ 1, similar to 
(f2J2]l we have MeiP) is negative on ^ © C R^'^. Hence m' {]Vh{P) > q, which yields (fZB . 
If B = 0, by (iZTTTl we have 

, sA^A-2cA^C-sC^C + sh -sC^D 
Me{P) =\ ^ r • (2.13) 

-sD^C -sD^D - sh 



Since 



h -C^D{D^D + hy^ \ / sA'^A - 20X^0 -sC^C + sh -sC^D 
h l\ -sD'^C -sD^D-sh 
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,(2.14) 



-{D'^'D + hy^D'^'C h 

sA^A - 2cA^C - sC^C + sh + sC^D{D^D + Ik)~^D'^C 

-sD'^D - sik 

for < — s ^ 1, we have 

m-{Me{P)) >k + m+{A^C) (2.15) 

which yields (j2.9p . So (ii) holds and the proof of Lemma 2.5 is complete. | 
Lemma 2.6. ([23]) For 7 e P^(2), 6 > 0, and < e ^ 1 small enough we have 

sgnM±,{R{6)) = 0, for G R, 

sgnMe(P) = 0, ifP = ± 

sgnM,{P) = 2, ifP = ± 

sgnMe(P) = -2, if P = ± 



1 






f 1 o\ 






1 or ± 1 











I -6 1 j 



1 -b 
1 

1 
b 1 



3 Proofs of Theorems 1.1 and 1.2. 

In this section we prove Theorems 1.1 and 1.2. The proof mainly depends on the method in [T4j 
and the following 

Theorem 3.1. For any odd number n > 3, t > and 7 G Vr{2n), let P = 7(t). If ilo ^ 0, 
iLi > 0, z(7) > n, -/"^(t) = 7(t - r)7(r) for all t £ [r, 2t], and P ~ {-I2) o Q with Q £ Sp(2n - 2), 
then 

1 — 77 

iL,(7) + 5^(l)-^Lo(7)>^. (3.1) 
Proof. If the conclusion of Theorem 3.1 does not hold, then 



1 — T) 

iL,(7) + 5+(l)-z.^o(7)<^. (3.2) 



In the following we shall obtain a contradiction from (j3.2|) . Hence (j3.ip holds and Theorem 3.1 is 
proved. 
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Since n > 3 and n is odd, in the following of the proof of Theorem 3.1 we write n = 2p + 1 

(a b\ 

for some p G N. We denote hy Q = \ I , where A, B, C, D are (n — 1) x (n — 1) matrices. 

\c d) 

Then since Q is a symplectic matrix we have 

A^C = C^A, B^D = D^B, AB^ = BA^, CD^ = DC^ , (3.3) 

AD^ - BC^ = In-i, A^D-C^B = In-i, (3.4) 

dimkeri? = 1/^0(7) — 1, dimker C = z^l^ (7) — 1. (3.5) 

Since 7^(t) = 7(t — t)^{t) for all t G [t,2t] we have 7^ is also the twice iteration of 7 in the 
periodic boundary value case, so by the Bott-type formula (cf. Theorem 9.2.1 of |16] ) and the proof 
of Lemma 4.1 of |T7] we have 

i(7') + 2S+ (1)-K7') 
= 2z(7) + 25+(l)+ iSUe^'') 

6»6{0,7r) 

-( E (5p(eV^^) + (z.(P)-5p(l)) + (z._i(P)-5p(-l))) 

0e(O,7r) 

> 2n + 25+(l)-n 
= n + 25+(l) 

> n, (3.6) 

where we have used the condition 4(7) > n and Sp2{l) = Sp{l) + Sp{—1), 1^(7^) = 1^(7) + 1^-1(7). 
By by Proposition C of [17] and Proposition 6.1 of [13] we have 

So by (|3.6p and (j3.7p we have 

(U,(7) + S+,{1) - vlM) + + SU^) - i^lAi)) 

p2 ( 



i(7') + 25+ (l)-z/(72)-n 



> n — n 

= 0. (3.8) 
By Theorem 2.1 and Lemma 2.6 we have 

ihAi) + s+A^) - i^Loii)) - (iLoii) + spA^) - vlAi)) 
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= (7) - iLo (7) - ^Lo (7) ) + l^Li (7) 

= --sgnM,(Q) - -sgnM,(-/2) 
= -isgniV4(Q) 

> 1 - n. (3.9) 
So by daSl) and dSS]) we have 

iLi(7) + SU^) - ULoil) > (3.10) 

By (13. 2p . the inequahty of (|3.10p must be equahty. Then both (j3.6p and (j3.9p are equahty. So 
we have 

i(7')+25+ (1)-K7')=ri. (3.11) 



'P2 

1 — n 



iL,(7) + 5^2(1) -^^Lo(7) = ^. (3.12) 



^Lo(7) + i^Lo(7) -Ui(7) - i^Li(7) = n - 1. (3.13) 
Thus by p.6p . (j3.1ip . Theorem 1.8.10 of [16], and Lemma 2.1 we have 

P « {-hr^ o Ni{l, -lyP^ o iVi(-l, lyP^ o R{6,) o R{e2) o • • • o /?(0pj, 

where > for j = 1, 2, 3, 4, pi + p2 + + P4 = ''^ and 9j G (0, vr) for 1 < j < p^. Otherwise 

by (|3.6p and Lemma 2.1 we have ^(7^) + 25p2(l) — 1^(7^) > n which contradicts to (j3.1ip . So by 
Remark 2.1, we have 

p2 ~ /^Pi o Ni{l, -lyP^ o R{9i) o i?(02) o • • • o R{Op,), (3.14) 

where Pi > for 1 < i < 3, pi + p2 + Ps = n and 6j G (0, 2tt) for 1 < j < P3. 
Note that, since 7^(t) = 7(i — t)^{t), we have 

72(2r)=7(T)2 = P^ (3.15) 

By Definition 2.5 we have 

72(2t) = iV7(r)"^iV7(r) = NP^^NP. (3.16) 
So by (|3.15p and (|3.16p we have 

p2 = NP-'^NP. (3.17) 
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By ()3.17|) . Lemma 2.4, and P ~ {—I2) o Q we have 

p2 = NP~^NP 

« N{{-h)oQy^N{{-l2)oQ) 

= ho{Nn^iQ-^Nn^iQ). (3.18) 

So by ()3.14p . we have 

Pi > 1. (3.19) 

Also by ()3.18|) and Lemma 2.5, we have 

p2~/2o(iVn-iQ'"^iVn-iQ')> VQ' ~ Q whereQ' G Sp(2n- 2). (3.20) 
By (j3.14p it is easy to check that 



P3 



tr(p2) = 2?i-2p3 + 2^cos%. (3.21) 
By (j3?TT]) . (j3?Ti|) and Lemma 2.1 we have 

n = z(72) + 25+2(1) - 1/(7^) = i(72) - p2 > i(7') - n + 1. 

So 

i(7^) < 27Z - 1. (3.22) 

By ()3.7p we have 

i{l^) = n + iL,{i) + iLAl)- (3-23) 

Since iLo(7) ^ a-iid iiiil) > 0, we have n < i(7^) < 2n— 1. So we can divide the index 2(7^) into 
the following three cases. 
Case I. i(7^) = n. 

In this case, by (j3.7p . iioil) > 0, and iiiil) > 0, we have 

Uo(7) = = iLi(7). (3.24) 

So by ()3.13p we have 

i^Lo(7)-i'Li(7)=n-l. (3.25) 
Since VL-^il) > 1 and < we have 

z/Lo(7)=n, z.L,(7) = l. (3.26) 
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By (|3.7p we have 

i,{^^) = u{P^) = 7i + l. (3.27) 

By (IXT2D . (lOil) and ([M]) we have 

SUl) = ^+n = ^=p + l. (3.28) 
So by (imi) . (I32Z1), (1228]), and Lemma 2.1 we have 

p2 ^ /^(P+i) o o . . . o i?(0p), (3.29) 

where 9j G (0, 27r). By ([331) and ([3:26]) we have B = 0. By ([3l8]) . (f33|) . and ([331), we have 

p2 = iVp-iArp«/2o(iV„_iQ-iiV,,_iQ) 
i?^ \ / A 
I \ C D 



h o 



Jo o 



h o 



hp 
2^^C /2j, 



Hence a{P'^) = {1} which contradicts to (|3:29]) since p > 1. 
Case II. i(7^) = n + 2A;, where I < k < p. 
In this case by (|3.7|) we have 

Uo(7) +Ui(7) = 2A:. 

Since iioil) ^ and iLi(7) > we can write iioil) = k + r and ihiil) = k — r for some integer 
—A; < r < k. Then by (j3.13p we have 

n - 1 > ULo (7) - lyiAl) = n - 2r - 1. (3.30) 

Thus r > and < r < /c. 

By Theorem 2.1 and (i) of Lemma 2.5 we have 

2r = iLdl) - iiAl) = \Me{P) <n- ul,{P) (3.31) 

which yields that i^Loil) <n — 2r. So by (|3.30p and VL^il) > 1 we have 

'^Lo(7) =n-2r, ulAi) = ^- (3-32) 
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Then by (j3.12p we have 

1 — 71, 1 ~\~ Ti 

5+2(1) = {n - 2r) + — {k-r) = — k-r = p+l-k-r. (3.33) 

Then by (j3.14p and viP"^) = n — 2r + 1 and Lemma 2.1 we have 

P2 ^ jO(p+l-fc-r) ^ ^^^^^ _^y2k ^ ^ . . . ^ ^(^^^ (3 34) 

where q = n— {p+\ — k — r) — 2k=p + r — k>{). Then we have the following three subcases 
(i)-(iii). 

(i) q = 0. 

The only possibihty is k = p and r = 0, in this case k, I20 Ni{l, — 1)*^^ and B = Q. By 
direct computation we have 

7Vi(l, -l)^2p ^ AT Q-iAT Q = I ° I . (3.35) 

Then by Lemma 2.3 we have 

m+{A^C) = 2p. 



By (ii) of Lemma 2.5 we have 

1 



sgnMeiQ) <2p-2p = 0, < -e < 1. (3.36) 
Thus by (j3.36p and Theorem 2.1, for < — e ^ 1 we have, 

= -sgnMe(P) 

= ^sgnM,(/2) + ^Af,(Q) 

= + ^M,{Q) 

< 

which contradicts (j3.13p . 
(ii) q > and r = 0. 

In this case VLoin) = n and fLiil) = 1, also we have S = 0. By the equality of (|3.35p we have 

tr (p2) = 2n 
which contradicts to (I3.2ip with p3 = g > 0. 
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(iii) q > and r > 0. 

In this case, by (j3.33|) we have r < p (otherwise, then p = r = k. From (j3.19p there holds 
'S'p2(l) > 1, so from (j3.33p we have 1 < 5p2(l) = 1 — p < a contradiction). Here it is easy to see 
ranks = 2r. Then there are two invertible 2p x 2p matrices U and V with detU > and detV > 
such that 



UBV 



hr 





Q ~ diag(?7, ([/^)-i)Qdiag((y^)-\ V) 



\ 



Qi 



(3.37) 



So there holds 

/ Ai Bi hr ^ 

Ci Di 
A3 B3 A2 B2 
\ Cs Ds C2 D2 J 

where for j = 1, 2, 3, Aj is a 2r x 2r matrix, Dj is a {2p — 2r) x [2p — 2r) matrix for j = 1, 2, 3, Bj 
is a 2r X {2p — 2r) matrix, and Cj is {2p — 2r) x 2r matrix. Since Qi is still a symplectic matrix, 
we have QiJ2pQi = J2p, then it is easy to check that 



Ci = 0, B2 



0. 



(3.38) 



So 



Qi 



\ 



( hr 

I?! 

^3 ^3 A2 

\ C3 i?3 C2 i?2 y 

So for the case (iii) of Case II, we have the following 3 subcases 1-3. 
Subcase 1. A3 = 0. 

In this case since Q\ is symplectic, by direct computation we have 

^ Ji^ -i^ 5lf blf 



(3.39) 



N2pQi'N2pQi 



I2r * 
* I' 

* 



* * 
2p-2r * * 
* hr * 



h, 



2p~2r I 



Hence we have 



tr(iV2pQr^^2pQi) = k>- 
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Since Qi ~ Q, we have 



P~(-/2)oQi. 



Then by the proof of Lemma 2.4 we have 



trP^ 



trAr((-/2)oQi)-i7V((-/2)oQ0 

tTl2 0{{N2pQi^N2pQl) 

Ap + 2 = In. 



By (j3.2ip and = g > we have 

p.4ip and ()3.42p yield a contradiction. 
Subcase 2. A3 is invertible. 
By Qi is symplectic we have 

A\ 

Hence 

By direct computation we have 
I R. n \ / 



tr(p2) < 2n. 




^3 ^3" 
i?3^ 




dJd2 



2p-2r- 



Al Bl hr 



A3 ^3 A2 

C3 ^3 








Do 



hr 


-Al'B, 











hp-2r 














hr 











BiiAir' 


hp-2r 



So by (j3.44p we have 



^ hr 


-B,D^ 











hp-2r 



















I 

(a. 




hr 


D2B 

^ 


T T 

1 J2p-2r 




^3 


Di 
A2 






:=Q2. 


V C3 


D3 C2 


D2 J 





Al 


^3 



^1 


^3 

C3 



-Di 

A2 



'2p- 



5l 

Di 


^3 







hr 



^2 
(^2 



\ C3 ^3 ^2 I?2 / 
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Then we have 

Q2 ~ Qi ~ Q- (3.45) 
Since Q2 is a symplectic matrix, we have Q^J2pQ2 = J2p, then it is easy to check that 

C3 = 0, C2 = 0. (3.46) 

Hence we have 

Q2=\ \o\ ' ■ (3.47) 



Since 



A'.,-. I " A'..-. » U \- " I . (3.48) 

D2 J \Ds D2 J \ 2DlDi l2p-2r 

by (j3.45p . p.20p . and Lemma 2.4, there is a symplectic matrix W such that 

P'^l2oWo( '''-'^ ' V (3-49) 

Then by p.l4p and Lemma 2.3, DfD^ is semipositive and 

l + mO(Z)f^3) < S+,{1). 

So by (|3.33p we have 

m^iDjDs) <p+l-k-r-l=p-k-r={2p-2r)-{p + k-r)<2p-2r-l. (3.50) 

Since DJD^ is a semipositive {2p — 2r) x (2p — 2r) matrix, by ()3.50p we have (D^ D3) > 0. Then 
by Theorem 2.1, (ii) of Lemma 2.5 and Lemma 2.6, for < — e ^ 1 we have 

(Uo(7) + t'Loil)) - (Ui(7) + l^Lih)) 

< -(0 + 4r + 2(2p-2r- 1)) 
= 2p- 1 

= n-2 (3.51) 

which contradicts to (|3.13p . 

Subcase 3. A3 ^ and A3 is not invertible. 
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In this case, suppose rank^a 
detG > such that 



A, then < A < 2r. There is a invertible 2r x 2r matrix G with 



A 




where A is a A x A invertible matrix. Then we have 



V 





























G 













hp 


Ai 


Bi 


hr 








Di 










B3 


A2 







D3 


C2 


D2 



\ 




2p-2r J 
\ 



( Ai Bi hr 

Di 

A3 A2 

\ C3 D 3 C2 







D2 I 



^ { (GY^ 







hp-2r 






Q3. 



By (|3.52p we can write as the fohowing block form 

/ 



Ui 


U2 


Fi 


h 





U3 




F2 





hr-X 








Di 








A 





El 


Wi 


W2 








E2 


W3 




Gi 


G2 


D3 




K2 



\ 






D2 j 



Let R 





\ -GiA-1 





hr-X 





\ 



hp-2r J 



and i?2 



h 







hr~X 





diag((i?f i?i)Q3diag(i?2, 



Ui U2 Fi 

U3 Ui F2 

L>i 

A 14^1 

E2 W3 

G2 D3 Ki 





hp-2r J 

h 

hr-X 



W2 

Wi 
K2 



(3.52) 






G^ 



hp-2r J 



(3.53) 



(3.54) 









D2 J 



By ([33i]) we have 



Q4 



Since Qi is a symplectic matrix we have 



Qi J Qi — J. 
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Then by (|3.55|) and direct computation we have U2 = 0, C/3 
and C/i, C/4, Wi, W4 are all symmetric matrices, and 

C/4W4 = hr-X, 
D1D2 = l2p~2r, 



U4E2 



0, W2 = 0, VF3 = 0, Fi = 0, = 0, 

(3.55) 
(3.56) 
(3.57) 



So 



Qa 



( 


f/l 








h 















Ua 


F2 





hr-X 















Di 















A 








Wi 


















E2 












V 





G2 


D3 







D2 


) 



(3.58) 



By p.55p - (|3.57p . we have both E2 and G2 are zero or nonzero. By definition 2.3 we have 



Q4~Q3~g. Then by ([231, 



A 




V 



is invertible. So both E2 and G2 are nonzero. 



Q G2 ) 
Since (^4 is symplectic, by ()3.57p we have 



f/i 
F2 








A 

£^2 
G2 



\ 



Denote by F 



U4E2 



( 



\ 



Uik 
UaE2 

(C/4^2)^ DlDs + BjE2 J 



(3.59) 



. Since C/4-E2 is nonzero, in the following we 



which is a symmetric matrix. 



(^74^2)^ DID3 + BJE2 
prove that m^{F) > 1. 

Note that here U4E2 is a (2r - A) x {2p - 2r) matrix and -63 + -BJE'2 is a (2p - 2r) x (2p - 2r) 
matrix. Denote by U4^E2 = {eij) and D^Dj, + B2E2 = {dij), where Cij and djj are elements on 
the i-th row and j-th column of the corresponding matrix. Since U4^E2 is nonzero, there exist an 
dj / for some 1 < i < 2r - A and I < j < 2p - 2r. Let x = (0, .., 0, Cjj , 0, ...0)^ G R^''"^ whose 
i-th row is Cij and other rows are all zero, and y = (0, 0, p, 0, 0)^ e j^2p-2r ^j^^gg ^-.^j^ 

row IS 

p and other rows are all zero. Then we have 



F 



x) 




(A 






M 






\ y ) 




\ y ) 
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for p > is small enough. Hence the dimension of positive definite space of F is at least 1, thus 
m+{F) > 1. Then 



m 



( 



\ 



( 









\ DiDi + BiE2 I 

Then by ()3.59p . (j3.60p and (ii) of Lemma 2.5, we have 



m+(A) +m+(F) > 1. 



-sgnMe(Q4) < 2p- 1 = n-2, < -e <1. 



Since Q ~ (54, by (j3.6ip and Lemma 2.4 we have 



-sgnM^(Q) < 2p - 1,0 < -e < L 
Then since P ~ {—I2) ^ Q, by Theorem 2.1, Remark 2.2 and Lemma 2.4 we have 



(Uo(7) + '^Loil)) - (Ui(7) + i^Li(7)) 



1 
2 

^sgnMe((-/2)oQ) 

1 1 

-sgnM^i-h) + -sgnM^(Q) 

+ ^sgnM,(Q) 



< n-2. 



(3.60) 



(3.61) 



(3.62) 



(3.63) 



Thus (|3.13p and (j3.63p yields a contradiction. And in Case II we can always obtain a contradiction. 
Case III. i(7^) = n + 2A; + 1, where < k < p — 1. 
In this case by (|3.7p we have 



iLo{l)+iM = 2k + l. 



(3.64) 



Since i (7) > and ^Li (7) > we can write iioil) = k + l + r and (7) = /c — r for some integer 
— /c < r < k. Then by (I3.13P we have 



n-l> (7) - i^Li (7) = n - 2r - 2. 



(3.65) 



Thus r > and < r < A:. 

By Theorem 2.1 and (i) of Lemma 2.5 we have 



2r + 1 = - iiM = ^M,{P) <n- 1/^0(7) 



(3.66) 
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which yields i^Loil) < n — 2r — 1. Then by (j3.65p and j^Li(7) > 1 we have 



t'Loil) =n-2r-l, z/^^(7) = l. 



Then by ()3.12p we have 



Sp2 (1) = {n — 2r — 1) ^ [k — r) = — k — r— l=p — k — r> 1. 

Then by ()3.14p and i^{P'^) = ^Loil) + ^Liil) = n — 2r and Lemma 2.1 we have 



(3.67) 



(3.68) 



oiVi(l,-l 



>o(2fc+l) 



oR{ei)o---oR{eq), 



where q = n— (p — k — r) — {2k + 1) = p + r — k>p— k> 1. 

Since in this case rankS = 2r + 1 < n — 2, by the same argument of (iii) in Case II, we have 



/ Ai Bi hr+l ^ 

Di 

^3 ^3 A2 
\ D3 C2 D2 J 

Then by the same argument of Subcases 1, 2, 3 of Case II, we can always obtain a contradiction in 
Case III. The proof of Theorem 3.1 is complete. I 
Now we are ready to give a proof of Theorem 1.1. For S G T-ll'^{2n), let js : S — t- [0, +00) be the 
gauge function of S defined by 

js(0) = 0, and js{x) =mf{X>0\^ eC}, Vx G R^" \ {0}, 

A 

where C is the domain enclosed by E. 
Define 



Ha{x) = ihix)r, a>l, Hj:ix) = H2{x), Vx G R 



2n 



(3.69) 



Then Hy: G C2(R2"\{0}, R) n C1'1(R2", R). 

We consider the following fixed energy problem 



xit) 
H^ixit)) 
x{-t) 

x{T + t) 



JH'j,{x{t)), 

1, 

Nx{t), 

x{t), VtGR. 



(3.70) 
(3.71) 
(3.72) 
(3.73) 
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Denote by i7fe(S, 2) {J'b{^, a) for a = 2 in (j3.69p ) the set of all solutions (r, x) of problem (j3.70p - 
(j3.73p and by J'i,{T,,2) the set of all geometrically distinct solutions of (|3.7Up - (|3.73p . By Remark 
1.2 of [13] or discussion in [T7], elements in i7fe(S) and J'h{T,,2) are one to one correspondent. So 
we have *Jb{J:)=*Jh{E,2). 

For readers' convenience in the following we list some known results which will be used in the 
proof of Theorem 1.1. In the following of this paper, we write (zlo (7, /c), z/^p (7, A;)) = {iLo{l^),''^Lo{l^)) 
for any symplectic path 7 G Vr{2n) and A; G N, where is defined by Definition 2.5. We have 
Lemma 3.1. (Theorem 1.5 and of [U] and Theorem 4.3 of [18]) Let 7^ G Vtj (2n) for j = 1, - ■ ■ ,q. 
Let Mj = -f]{2Tj) = N-fj{Tjy^N-fj{Tj), for j = !,■■■, q. Suppose 



Lemma 3.2 (Lemma 1.1 of [13]) Let (r, x) G J^h{T,,2) be symmetric in the sense that x{t + §) = 



Then there exist infinitely many (i?, mi, 777-2, ■ ■ ■ ^^T-g) G N"^^^ such that 

(Q T^Loilj.'^mj ± 1) = VLoilj), 

(iQ iLoilj,2mj - l)+L'Loi7j,2mj -1) = R- + n + S+^{1) - vioilj)), 

(Hi) iLo{jj,2mj + 1) = R + iioilj)- 



and (iv) u{^i'j,2mj ± 1) = z^(7|), 

(v) i{^l 2mj - 1) + i^(7|, 2777, - 1) = 2i? - (7(7^) + 25+^, (1) - u{^])), 

(vi) i{^],2mj + l) = 2R + i{j]), 



where we have set i{'-fj,nj) = «(7j"^, [0, 277jrj]), v{'yj,nj) = v(^^\ [0,277jrj]) for nj G N. 



—x{t) for all t gH and 7 be the associated symplectic path of (r, x). Set M = 7(^). Then there is 
a continuous symplectic path 



qi{s) = P{s)MP{s) 



s G [0, 1] 



such that 



*(0) = M, 



^(1) = (-/2)oM, MGSp(277 - 2) 



iJ,{^{s)) = ui{M), iy2{^is)) = iy2{M), VsG[0,1], 




and ij) is a continuous n x n matrix path with det^p{s) > for 



alls G [0,1]. 
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For any (r, rr) G Ji){T,,2) and m G N, as in [H] we denote by iLj{x,m) = iLjil'^^ [0, ^]) and 
VL.[x,m) = I'Ljil^, [0, ^]) for j = 0, 1 respectively. Also we denote by i{x,m) = 2(7^™", [0,mr]) 
and v{x,m) = 1^(7^™", [0, mr]). If m = 1, we denote by i{x) = i{x,l) and v{x) = v{x,l). By 
Lemma 6.3 of [14] we have 

Lemma 3.3. Suppose ^SbC^) < +00. Then there exist an integer K > and an injection map 
(p-.lS + K ^ Jb{T,, 2) X N such that 

(i) For any /c G N + if, [(^j^;)] G j7f,(S,2) and m G N satisfying (j){k) = ([(r ,x)],m), i/iere 

iLoix,m) <k - 1 < iLoix,m) + VL^^{x,m) - 1, 

where x has minimal period r. 

(a) For any kj G N + ET, /ci < k2, {Tj,Xj) G ^b(S,2) satisfying (j){kj) = ([(rj ,Xj)],mj) with 
j = 1,2 and [{ti ,xi)] = [(t2 ,2^2)], ^/lere /loMs 

mi < 777-2. 



Lemma 3.4. (Lemma 7.2 of [H]) Lei 7 G Vri^n) be extended to [0,+oo) hy 7(t + i) = 7(t)7(T) 
/or a// t > 0. Suppose 7(r) = M = P~^(/2 o M)P with M G Sp(2n - 2) and ^(7) > n. Then we 
have 

z(7,2) + 25+2(l)-K7,2) >n + 2. 

Lemma 3.5 (Lemma 7.3 of |14j) For any (r, x) G i7b(S,2) and m G N, we have 
iLoix,m + l) - iLoix,m) > 1, 
iLo(3;,m + 1) + i/Lo(x,m + 1) - 1 > ^^^(x, m + 1) > ^^^(x, m) + z^Lo(x, m) - 1. 



Proof of Theorem 1.1. By Theorem 1.1 of [H] we have *Jb{T.) >[§]+! for n G N. So 
we only need to prove Theorem q.q for the case n > 3 and n is odd. The method of the proof is 
similar as that of |14j . 

It is suffices to consider the case *Jbi^) < +00. Since -S = E, for (t,x) G Jbi^,2) we have 

Hj:{x) = H^{-x), 
H'^ix) = -H^{-x), 

H'i{x) = H'i{-x). (3.74) 
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So (r, —x) G i7f)(S, 2). By (|3.74p and the definition of 'jx we have that 

7a; = 7_a;. 

So we have 

{iLo{x,rn),iyLo{x,m)) = m), i/l^ (-x, m)), 

{iLiix,m),i^Liix,m)) = {iLii-x,m),i^Lii-x,m)), Vm G N. (3.75) 

So we can write 

Jf,(S, 2) = {[{Tj,Xj)]\j = 1, • • • U {[(Tfc, Xfc)], [(Tfc, -Xfc)]|/c =p+l,---,P + q}. (3.76) 

with Xj(R) = — Xj(R) for j = 1, • • • ,p and Xfc(R) ^ — ^^(R) for k = p + 1, ■ ■ ■ ,p + q. Here we 
remind that {Tj,Xj) has minimal period Tj foic j = 1, • • • ,p + q and Xj{Y +t) = —Xj{t), t G R for 
j = !,••• ,P- 

By Lemma 3.3 we have an integer K > and an injection map (p + K ^ JbC^, 2) x N. By 
(j3.75p . (rfcjXfc) and (rfc,— Xfc) have the same (i^p, i^L(,)-indices. So by Lemma 3.3, without loss of 
generality, we can further require that 

ImicP) C {[{Tk,Xk)]\k = 1, 2, • • • ,p + X N. (3.77) 
By the strict convexity of H-^ and (6.19) of [H]), we have 

Uo(^fc) > 0' ^ = 1;2,--- ,p + q. 
Applying Lemma 3.1 to the following associated symplectic paths 

of (ti,xi), {Tp+g,Xp+g), (2Tp+i,x2_^J, {2Tp+q,xl^g) respectively, there exists a vcctor 

{R,mi,--- , mp+2q) e such that R> K + n and 

iLo{xk,2mk + l) = R + iLo{xk), (3.78) 
iLo{xk,2mk - 1) + iyLo{xk,2mk - 1) 

= R-{iLdxk)+n + S+^{l)-ULo{xk)), (3.79) 
for /c = 1, • • • ,p + g, Mfc = -fliTk), and 

iLo(xfc,4mfc + 2) = i? + Uo(xfc,2), (3.80) 
Uo i^k , "^ruk -2)+ULo {xk , 4mfc - 2) 
= R-{iLAxk,2)+n + S+^{l)-UL,ixk,2)), (3.81) 
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ior k=p+q +!,■■■ ,P + 2q and Mk= 7fc(2Tfc) = ^lirk?- 
By Lemma 3.1, we also have 

i{xk,2mk + l) = 2R + i{xk), (3.82) 
i{xk,2mk - 1) + i^{xk,2mk - 1) = 2R - {i{xk) + 2S+^{1) - i^{xk)), (3.83) 

for A: = 1, • • • ,p + g, Mfc = 7|(T-fc), and 

i(xfc,4mfc + 2) = 2R + i{xk,2), (3.84) 
i{xk,4mk-2) + u{xk,4mk-2) = 2i2 - (i(xfc, 2) + 25+^ (1) - i/(xfc, 2)), (3.85) 

for /c = p + g + 1, • • • ,p + 2g and Mfc = -fti^Tk) = ll{Tkf ■ 
From ()3.77p . we can set 



<P{R - (s - 1)) = ([(Tfc(s), 2;fc(5))], m(s)), Vs e 5* := <^ 1, 2, • • • , 



n + 1 



+ 1 



where k{s) G {1, 2, • • • ,p + g} and m(s) G N. 

We continue our proof to study the symmetric and asymmetric orbits separately. Let 

Si = {s£S\k{s)<p}, S2 = S\Si. 

We shall prove that *5i < p and *5'2 < 2q, together with the definitions of and 52, these yield 
Theorem 1.1. 
Claim 1. *Si<p. 

Proof of Claim 1. By the definition of ^i, ([(t^^^)) 2:^(5))], m(s)) is symmetric when k{s) < p. We 
further prove that m(s) = 2mfc(s) for s £ Si. 

In fact, by the definition of and Lemma 3.3, for all s = 1, 2, • • • , [^^^] + 1 we have 

iLo{xkis),^is)) < {R- {s - 1)) - 1 = R- s 

< 'i'Lo{xk{s),rn{s)) +'^Lo{xk{s),m{s)) - 'i-- (3.86) 

By the strict convexity of and Lemma 2.2, we have iLQ{xk(s)) ^ 0, so there holds 

iLo{xk{s)^m{s)) < R - s < R < R + iLo{xk(s)) = iLo{xk(s),2mk(s) + 1), (3.87) 

for every s = 1, 2, • • • , [^^-^] + 1, where we have used (|3.78p in the last equality. Note that the 
proofs of (j3.86p and (j3.87p do not depend on the condition s £ Si. 
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By Lemma 3.2, satisfies conditions of Tlieorem 3.1 with r = ^. Note that by definition 
iLiixk) = Ui(7xJ and i^Loi^k) = I'LoilxJ- So by Theorem 3.1 we have 

1 — n 



Axk) + SlAl)-VL,{xk)> V/c = l,---,p. (3.88) 



Also for 1 < s < [^] + 1, we have 



n + 3 



n + 1 



+ 1 <-s. (3.89) 



Hence by (pIHH]) . (IMj) anddSSSD, if k{s) < p we have 

^Lo(^fc(s),2mfc(^) - 1) + i^Lo{xk{s),'^mk{s) - 1) - 1 

= R- (iiAxkis)) + n + Sj^^^^^il) - VLoixki^s))) - 1 

„ ^ — n „n + 3 „ 

< R l-n = R <R-s 

2 2 - 

< iLo(.Xk(s),m{s)) +ULo{xk(s),Ms)) -'i^- (3.90) 
Thus by (I3.87P and (j3.90p and Lemma 3.5 of [14] we have 

2mfc(^) - 1 < m{s) < 2mk(s) + 1- (3-91) 

Hence 

m(s) = 2mfc(s). (3.92) 

So we have 

</>(/?- s + 1) = ([(r;,(s),Xfc(^))],2?nfc(3)), Vs G ^i. (3.93) 
Then by the injectivity of (p, it induces another injection map 

(Pi: Si ^ {!,■■■,?}, s^k{s). (3.94) 

There for < p. Claim 1 is proved. 
Claim 2. #52 < 2q. 

Proof of Claim 2. By the formulas (i3:82]l - (l3:85]l . and (59) of jl3] (also Claim 4 on p. 352 of [E]), 
we have 

mfe = 2mfc+g for /c = p + 1,|? + 2, • • • ,p + g'. (3.95) 

We set Ak = iiA^k^^) + Slj^{l) - i/L,j(xfc,2) and Bk = iLo{xk,2) + ^^^(1) - VL-,{xk,2), p + l < 
k < p + q, where Mk = ^ki^Tk) = 7(Tfc)^. By ()3.7p . we have 

Ak + Bk = i{xk,2) + 2S+^{l)-u{xk,2)-n, p+l<k<p + q. (3.96) 
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By similar discussion of the proof of Lemma 3.2, for any p+l<k<p + q there exist G Sp(2n) 
and Mfc G Sp(2n — 2) such that 

Hence by Lemma 3.4 and (j3.96p . we have 

Ak + Bk>n- + 2-n = 2. (3.97) 

By Theorem 2.1, there holds 

\Ak-Bk\ = \{iLo{xk,2) + i^Lo{xk,2))-{iLAxk,2) + UL,{xk,2))\<n. (3.98) 

So by (pTWll and I^M\i we have 

1 2 — n 

Ak>-{iAk+Bk)-\Ak-Bk\)>^-, p+l<k<p + q. (3.99) 

By prHTD . (IMIl . (IH:^^ and ([221, for p + 1 < fc(s) < p + g we have 

«Lo(^fc(s),2mfc(s) - 2) + z/L(,(2;fc(^),2mfc(s) - 2) - 1 
= '^Lo i^Hs) , 4mfc(s)+g - 2) + {x^^^ , 4mfc(^)+q - 2) - 1 
= ^- (iLi(2;fc(s),2) +n + S'+^^^^(l) - z^Lo(xfc(,),2)) - 1 

= R- Ak(s) - l-n 

„ 2 - ?i 

< R 1-n 

2 

= i?-(2+2) 

< iLo{xk(s),Ms)) + '^Lo{xk{s),'m{s)) - 1. (3.100) 
Thus by (|3.87|) . (j3.100p and Lemma 3.5, we have 

2mfc(s) - 2 < m(s) < 2mfc(s) + 1, p < A;(s) < p + 

So 

m(s) G {2m;,(^) - 1, 2mfc(^)}, for p < k{s) < p + q.} 
Especially this yields that for any sq and s G 52, if k{s) = k{sQ), then 

m(s) G {2mfc(,) - l,2mfc(^)} = {2771^,(3^^) - l,2mfc(^^)}. 
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Thus by the injectivity of the map (p from Lemma 3.3, we have 

*{s G S2\k{s) = kiso)} < 2 

which yields Claim 2. 

By Claim 1 and Claim 2, we have 

*Jb{^) =* Jb{^, 2)=p + 2q>* Si +* S2 = 

The proof of Theorem 1.1 is complete. | 

Proof of Theorem 1.2. By [13], there are at least n closed characteristics on every 
compact convex central symmetric hypersurface S of R^". Hence by Example 1.1 the assumption 
of Theorem 1.2 is reasonable. Here we prove the case n = 5, the proof of the case n = 4 is the 
same. 

We call a closed characteristic x on S a dual brake orbit on S if x{—t) = —Nx{t). Then by the 
similar proof of Lemma 3.1 of [22], a closed characteristic x on S can became a dual brake orbit 
after suitable time translation if and only if x(R) = —Nx(R). So by Lemma 3.1 of [22] again, if 
a closed characteristic x on S can both became brake orbits and dual brake orbits after suitable 
translation, then x(R) = iVx(R) = — iVx(R), Thus x(R) = — x(R). 

Since we also have —NTi = S, {—N)'^ = l2n and {—N)J = —J{—N), dually by the same proof 
of Theorem 1.1, there are at least [(n + l)/2] + 1 = 4 geometrically distinct dual brake orbits on S. 

If there are exactly 5 closed characteristics on S. By Theorem 1.1, four closed characteristics 
of them must be brake orbits after suitable time translation, then the fifth, say y, must be brake 
orbits after suitable time translation, otherwise Ny{—-) will be the sixth geometrically distinct 
closed characteristic on T, which yields a contradiction. Hence all closed characteristics on T, must 
be brake orbits on S. By the same argument we can prove that all closed characteristics on T, 
must be dual brake orbits on S. Then by the argument in the second paragraph of the proof of 
this theorem, all these five closed characteristics on S must be symmetric. Hence all of them bust 
be symmetric brake orbits after suitable time translation. Thus we have proved the case n = 5 of 
Theorem 1.2 and the proof of Theorem 1.2 is complete. | 
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